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Abstract
Let Fqn be a finite field with q
n elements, and let m1 and m2 be positive integers. Given
polynomials f1(x), f2(x) ∈ Fq[x] with deg(fi(x)) ≤ mi, for i = 1, 2, and such that the
rational function f1(x)/f2(x) belongs to a certain set which we define, we present a suffi-
cient condition for the existence of a primitive element α ∈ Fqn , normal over Fq, such that
f1(α)/f2(α) is also primitive.
1 Introduction
Let Fq be a finite field with q elements. An element α ∈ Fq is called primitive if it is
a generator of the multiplicative group F∗q . Let n be a positive integer, and element
β ∈ Fqn is called normal over Fq if the set {β, βq, . . . , βqn−1} is a basis for Fqn as
an Fq-vector space. The primitive normal basis theorem states that for any q and
n there exists an element in Fqn which is simultaneously primitive and normal over
Fq.
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In their proof of this theorem (see [3]), Cohen and Huczynska developed a tech-
nique which has, since then, been adapted to treat other problems involving primi-
tive and normal elements. For example, these same authors used a modified version
of their technique to prove the strong normal basis theorem (see [4]), which states
that, except for a few pairs (q, n), one can find an element α ∈ Fqn such that α
and α−1 are primitive and normal over Fq. Later, using the same line of reasoning,
Kapetanakis (see [9]) proved that there exists an element α ∈ Fqn such that α and
(aα+ b)/(cα+ d), with a, b, c, d ∈ Fq, are primitive and normal over Fq, except for a
few combinations of q, n and a, b, c, d. In 2017 Anju and Sharma, also following ideas
from [3] and assuming that q has characteristic two, proved that given polynomials
f(x), g(x) ∈ Fqn [x], being f(x) of degree at most 2 and g(x) of degree at most 1,
then there exists α ∈ Fqn , primitive and normal over Fq, such that f(α)/g(α) is also
primitive, except for a few combinations of q = 2k, m, f(x) and g(x) (see [1]). More
recently, Hazarika, Basnet and Cohen ([7]) studied this problem working with a field
of characteristic three and considering polynomials of degree at most two instead of
rational functions. Hazarika and Basnet ([8]) also considered the related problem
of finding pairs of elements (α, f(α)), both in Fqn, and both being primitive and
normal over Fq, where f is a quotient of a polynomial of degree two by a polynomial
of degree at most one, and q has characteristic two.
In this paper we work with a finite field of any characteristic, and given poly-
nomials f1(x), f2(x) ∈ Fqn , of any degree, we study, like Anju and Sharma, the
existence of α ∈ Fqn , primitive and normal over Fq, such that f1(α)/f2(α) is also
primitive. More specifically, given positive integers m1 and m2 we determine a
set Υq(m1, m2) (see Definition 2.1) comprising certain rational functions f(x)/g(x),
where deg(fi(x)) ≤ mi, with i = 1, 2, and we determine conditions which assure, for
each f(x)/g(x) ∈ Υq(m1, m2), the existence of an element α ∈ Fqn, primitive and
normal over Fq, such that f(α)/g(α) is also primitive (see Corollary 3.3).
In the following section we list the definitions and results which will be used in
the proof of the main result, which is the content of Section 3. In Section 4 we
present several numerical examples illustrating our main result.
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2 Preliminaries
We define sets that will play an important role in what follows. Throughout this
paper p is a prime, k is a positive integer, Fq will denote a finite field with q = p
k
elements and we denote by N the set of positive integers.
Definition 2.1 Let f1, f2 ∈ Fq[x] and m1, m2 ∈ N. We define Υq(m1, m2) as the
set of rational functions f1
f2
∈ Fq(x) such that:
i) deg(f1) ≤ m1, deg(f2) ≤ m2;
ii) gcd(f1, f2) = 1;
iii) there exists n ∈ N and an irreducible monic polynomial g ∈ Fq[x] such that
gcd(n, q − 1) = 1, gn | f1f2 and gn+1 ∤ f1f2.
Definition 2.2 Let s by a divisor of q− 1, an element α ∈ F∗q is called s-free if, for
any d ∈ N such that d | s and d 6= 1, there is no β ∈ Fq satisfying βd = α.
For β ∈ Fqn and f(x) =
t∑
i=1
fix
i ∈ Fq[x], we define an action of Fq[x] over Fqn by
f ◦ β =
t∑
i=0
fiβ
qi. Through this action Fqn may be viewed as an Fq[x]-module, and
the annihilator of β is an ideal of Fq[x]. The unique monic generator g of this ideal
is the order of β, denoted by Ord[β]. Observe that clearly g is a factor of xn − 1.
One may prove that if Ord[β] is g, then β = h◦λ for some λ ∈ Fqn, where h = xn−1g .
Similarly to the concept of being an s-free element for any s|qn − 1, we can also
define what is to be a g-free element for any g ∈ Fq[x] that divides xn − 1.
Definition 2.3 Let g ∈ Fq[x] be such that g|xn − 1. An element α ∈ Fqn is said
to be g-free if for any h ∈ Fq[x] such that h|g and λ ∈ Fqn we have that α = h ◦ λ
implies h = 1.
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From [3, Section 3] we know that the characteristic function of the set α ∈ Fqn
of s-free elements, with s | qn − 1, is given by
ρs(α) = θ(s)
∑
d|s
µ(d)
φ(d)
∑
χd
χd(α), (1)
where θ(s) := φ(s)
s
, µ is the Moebius’s function and χd runs through the set of φ(d)
multiplicative characters of F∗qn of order d.
We endow the group of additive characters of Fqn with an structure of Fq[x]-
module by means of the operation which combines a polynomial f and a character
ψ to produce the character ψ ◦ f defined by ψ ◦ f(β) = χ(f ◦ β) for all β ∈ Fqn.
The Fq-order of an additive character ψ, denoted by Ord (χ), is defined to be a
unique monic polynomial g ∈ Fq[x] of least degree dividing xn − 1 such that χ ◦ g
is the trivial character in Fqn. There are Φ(g) additive characters of Fq-order g,
where Φ(g) := |(Fq[x]/gFq[x])|∗ is the analogue Euler’s function on Fq[x]. Also in [3,
Section 3] we find the expression for the characteristic function for the set of g-free
elements α ∈ Fqn. For any g ∈ Fq[x] such that g | xn−1, this characteristic function
κg is given by
κg(α) =
Φ(g)
N(g)
∑
h|g
µ′(h)
Φ(h)
∑
Ord (ψ)=h
ψ(α), (2)
where N(g) = |(Fq[x]/gFq[x])| = qdeg(g), the last sum runs over all additive charac-
ters ψ of Fnq which have Fq-order h, and µ
′ is the Mo¨bius function on Fq[x]
µ′(h) =
{
(−1)s if h is is a product of s disctinct monic irredutible polynomials;
0 otherwise.
The next result is a combination of [6, Theorem 5.5] and a special case of [6,
Theorem 5.6], which we will need in what follows.
Lemma 2.4 Let v(x), u(x) ∈ Fqn(x) be rational functions. Write v(x) =
∏k
j=1 sj(x)
nj ,
where sj(x) ∈ Fqn[x] are irreducible polynomials, pairwise non-associated, and nj are
non-zero integers. Let D1 =
∑k
j=1 deg(sj), let D2 = max(deg(u), 0), let D3 be the
degree of the denominator of u(x) and let D4 be the sum of degrees of those irreducible
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polynomials dividing the denominator of u, but distinct from sj(x) (j = 1, . . . , k).
Let χ and ψ be, respectively, a multiplicative character and a non-trivial additive
character of Fqn.
a) Assume that v(x) is not of the form r(x)ord(χ) in F(x), where F is an algebraic
closure of Fqn. Then ∣∣∣∣∣∣∣∣
∑
α∈Fqn
v(α)6=0,v(α)6=∞
χ(v(α))
∣∣∣∣∣∣∣∣
≤ (D1 − 1)q n2 .
b) Assume that u(x) is not of the form r(x)q
n−r(x) in F(x), where F is an algebraic
closure of Fqn. Then∣∣∣∣∣∣∣∣∣∣∣
∑
α∈Fqn
v(α)6=0,v(α)6=∞,
u(α)6=∞
χ(v(α))ψ(u(α))
∣∣∣∣∣∣∣∣∣∣∣
≤ (D1 +D2 +D3 +D4 − 1) q n2 .
3 Main results
Let m1 and m2 be positive integers, we want to determine conditions on q and n
such that for each f ∈ Υqn(m1, m2) there exists α ∈ Fqn , primitive and normal over
Fq, such that f(α) ∈ Fqn is also a primitive element. For this we will need the
following concept.
Definition 3.1 Let q = pk, let e1 and e2 be divisors of q
n− 1 and let g be a divisor
of xn − 1. Given f ∈ Υqn(m1, m2) we will denote by Nf(e1, e2, g) the number of
α ∈ Fqn such that α is e1-free, f(α) is e2-free and α is g-free.
It is easy to check that α ∈ Fqn is primitive if and only if α is (qn − 1)-free, and
that β ∈ Fqn is normal over Fq if and only if β is (xn − 1)-free. We want to find
conditions which assure that Nf(q
n − 1, qn − 1, xn − 1) > 0 for all f ∈ Υqn(m1, m2),
yet in the next result we deal with a slightly more general situation. Before stating
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it, we observe that when n = 1 or n = 2 then every primitive element in Fqn is
normal over Fq, so we may ignore the “normal” requirement and the problem was
already solved in [5]. Thus we assume from now on that n ≥ 3.
For ℓ ∈ N we denote by W (ℓ) the number of distinct square-free divisors of ℓ,
and for a polynomial g ∈ Fq[x] we denote by Wq(g) the number of monic square free
factors of g in Fq[x].
Theorem 3.2 Let e1 and e2 be divisors of q
n−1, let g ∈ Fq[x] be a factor of xn−1
and let f ∈ Υqn(m1, m2). Then
Nf (e1, e2, g) >
φ(e1)φ(e2)Φ(g)
e1e2N(g)
[
qn − 1− (m1 +m2 + 1)qn/2 (W (e1)W (e2)Wq(g)− 1)
]
,
and a fortiori if qn/2 ≥ (m1 +m2 + 1)W (e1)W (e2)Wq(g) then Nf (e1, e2, g) > 0.
Proof: Let f =
f1
f2
∈ Υqn(m1, m2) and let
Sf := {α ∈ Fqn | f1(α) = 0 or f2(α) = 0} ∪ {0}.
From the definition of Nf (e1, e2, g) and equations (1) and (2) we have
Nf (e1, e2, g) =
∑
α∈Fqn\Sf
ρe1(α)ρe2(f(α))κg(α)
=
φ(e1)φ(e2)Φ(g)
e1e2N(g)
∑
d1|e1,d2|e2
h|g
µ(d1)µ(d2)µ
′(h)
φ(d1)φ(d2)Φ(h)
∑
ord (χ1)=d1
ord (χ2)=d2
Ord (ψ)=h
χ˜f(χ1, χ2, ψ),
where
χ˜f(χ1, χ2, ψ) =
∑
α∈Fqn\Sf
χ1(α)χ2(f(α))ψ(α).
To find a bound for Nf(e1, e2, g) we will bound |χ˜f(χ1, χ2, ψ)|, and we consider
five cases.
(i) We first consider the case where χ1, χ2 and ψ are trivial characters, so that
χ˜f (χ1, χ2, ψ) = ♯(Fqn \ Sf) ≥ qn − (m1 +m2 + 1).
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(ii) Now we deal with the case where χ1 and χ2 are trivial multiplicative characters,
while ψ is not a trivial additive character. It is well known that
∑
α∈Fqn
ψ(α) = 0,
so that
|χ˜f(χ1, χ2, ψ)| =
∣∣∣∣∣∣
∑
α∈Fqn\Sf
ψ(α)
∣∣∣∣∣∣ =
∣∣∣∣∣∣−
∑
α∈Sf
ψ(α)
∣∣∣∣∣∣ ≤ m1 +m2 + 1.
(iii) We treat the case where χ1 is not a trivial character, while χ2 and ψ are trivial
characters. It is well known that
∑
α∈F∗q
χ1(α) = 0, so we have
|χ˜f (χ1, χ2, ψ)| =
∣∣∣∣∣∣
∑
α∈F∗q
χ1(α)−
∑
α∈Fq\Sf
χ1(α)
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
α∈Sf\{0}
χ1(α)
∣∣∣∣∣∣
≤ (m1 +m2) < (m1 +m2)q n2 .
Before proceeding to treat the cases where we assume at most one trivial char-
acter, we will rewrite the expression for χ˜f(χ1, χ2, ψ).
Let χ1 and χ2 be multiplicative characters of orders d1 and d2, respectively, where
d1 | e1 and d2 | e2 and let ψ be an additive character of Fq-order h. Let i ∈ {1, 2}, it
is well-known (see e.g. [13, Thm. 5.8]) that there exists a character χ of order qn−1
and and integer ni ∈ {0, 1, ..., q − 2} such that χi(α) = χ(αni) for all α ∈ F∗qn , and
observe that ni = 0 if and only if χi is a trivial character. Hence,
χ˜f(χ1, χ2, ψ) =
∑
α∈Fqn\Sf
χ(αn1f1(α)
n2f2(α)
−n2)ψ(α)
=
∑
α∈Fqn\Sf
χ(v(α))ψ(α),
where v(x) = xn1f1(x)
n2f2(x)
−n2 .
(iv) Now we assume that ψ is a trivial additive character, while χ2 is not a trivial
multiplicative character, so that n2 6= 0, and we make no assumptions on
χ1. To bound χ˜f(χ1, χ2, ψ) we want to use Lemma 2.4 (a), and we start by
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showing that indeed we can use it. So we suppose by means of absurd that
v(x) =
(
v1(x)
v2(x)
)qn−1
for some v1(x), v2(x) ∈ F[x], with gcd(v1, v2) = 1, then
xn1f1(x)
n2v2(x)
qn−1 = f2(x)
n2vq
n−1
1 (x).
Since f1(x)
f2(x)
∈ Υqn(m1, m2), there exists an irreducible monic polynomial t(x) ∈
Fqn [x], t(x) 6= x and a positive integer a with gdc (a, qn − 1) = 1 such that
t(x)a is the larges power of t(x) which appears in the factorization of either
f1(x) or f2(x). Let’s suppose that t(x)
a appears in the factorization of f2(x),
and let t˜(x) be an irreducible factor of t(x) in F[x]. Clearly t˜(x) has degree
one, t˜(x) 6= x and since Fqn is a perfect field we know that t˜(x) appears with
multiplicity one in the factorization of t(x) in F[x]. Since f1(x) and f2(x) are
coprime in Fqn [x] they are also coprime in F[x] so t˜(x)
an2 is the largest power
of t˜(x) which appears in the factorization of v2(x)
qn−1. From this one may
conclude that qn − 1 | an2, and from gcd(a, qn − 1) = 1 we get qn − 1 |n2,
a contradiction. So we must have that t(x)a appears in the factorization of
f1(x), and reasoning as above again we conclude again that q
n − 1 |n2, which
is impossible. Thus, if n2 6= 0 we get that v(x) is not of the form
(
v1(x)
v2(x)
)qn−1
in F(x).
Let Tv be the set of β ∈ Fqn such that v(β) = 0 or v(β) is not defined. If
0 ∈ Tv then Tv = Sf and from Lemma 2.4 we have
∣∣χ˜f(χ1, χ2, ψ)∣∣ =
∣∣∣∣∣∣
∑
α∈Fqn\Sf
χ(v(α))
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
α∈Fqn\Tv
χ(v(α))
∣∣∣∣∣∣ ≤ (m1 +m2)q
n
2 .
If 0 /∈ Th then
∣∣χ˜f (χ1, χ2, ψ)∣∣ =
∣∣∣∣∣∣
∑
α∈Fqn\Sf
χ(v(α))
∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑
α∈Fqn\Tv
χ(v(α))− χ(v(0))
∣∣∣∣∣∣ ,
so
∣∣χ˜f(χ1, χ2, ψ)∣∣ ≤ (m1+m2− 1)q n2 +1 and anyway we get |χ˜f(χ1, χ2, ψ)| ≤
(m1 +m2)q
n
2 .
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(v) Lastly we consider the case where ψ is not a trivial character, and either χ1
or χ2 is not a trivial character, so that d1 6= 1 or d2 6= 1. Obviously x is not of
the form r(x)q
n − r(x) in F(x), so we may use Lemma 2.4 (b).
As in the above case let Tv be the set of β ∈ Fqn such that v(β) = 0 or v(β)
is not defined. If 0 ∈ Tv then Tv = Sf and from Lemma 2.4 we have
∣∣χ˜f(χ1, χ2, ψ)∣∣ =
∣∣∣∣∣∣
∑
α∈Fqn\Tv
χ(v(α))ψ(α)
∣∣∣∣∣∣ ≤ (m1 +m2 + 1)q
n
2 .
If 0 /∈ Th then
∣∣χ˜f (χ1, χ2, ψ)∣∣ =
∣∣∣∣∣∣
∑
α∈Fqn\Tv
χ(h(α))ψ(α)− χ(h(0))ψ(α)
∣∣∣∣∣∣ ≤ (m1 +m2)q
n
2 + 1,
and anyway we get |χ˜f(χ1, χ2, ψ)| ≤ (m1 +m2 + 1)q
n
2 .
This finishes the analysis of the possibilities for the characters χ1, χ2 and ψ,
and now we use the above estimates to bound Nf (e1, e2, g). Let χ0 be the trivial
multiplicative character and let ψ0 be the trivial additive character. Write
Nf (e1, e2, g) =
φ(e1)φ(e2)Φ(g)
e1e2N(g)
(S1 + S2 + S3 + S4 + S5),
where
S1 = χ˜f(χ0, χ0, ψ0),
S2 =
∑
h|g
h 6=1
µ′(h)
Φ(h)
∑
Ord (ψ)=h
χ˜f (χ0, χ0, ψ),
S3 =
∑
d1|e1
d1 6=1
µ(d1)
φ(d1)
∑
ord (χ1)=d1
χ˜f(χ1, χ0, ψ0),
S4 =
∑
d1|e1,d2|e2
d2 6=1
µ(d1)µ(d2)
φ(d1)φ(d2)
∑
ord (χ1)=d1
ord (χ2)=d2
χ˜f(χ1, χ2, ψ0)
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and
S5 =
∑
d1|e1,d2|e2
d1 6=1 or d2 6=1
16=h|g
µ(d1)µ(d2)µ
′(h)
φ(d1)φ(d2)Φ(h)
∑
ord (χ1)=d1
ord (χ2)=d2
Ord (ψ)=h
χ˜f (χ1, χ2, ψ).
From what we did above and using that there are φ(d1) multiplicative characters of
order d1, φ(d2) multiplicative characters of order d2 and Φ(h) additive characters of
Fq-order h we get
|S2 + S3 + S4 + S5| < (m1 +m2 + 1)q n2

 ∑
d1|e1,d2|e2,h|g
(d1,d2,h)6=(1,1,1)
|µ(d1)||µ(d2)||µ′(h)|


= (m1 +m2 + 1)q
n
2 (W (e1)W (e2)W (g)− 1) .
Therefore, we conclude that
Nf(e1, e2, g) >
φ(e1)φ(e2)Φ(g)
e1e2N(g)
(qn − (m1 +m2 + 1)−
(m1 +m2 + 1)q
n
2 (W (e1)W (e2)Wq(g)− 1)
)
.
Thus, if
qn ≥ (m1 +m2 + 1)q n2 (W (e1)W (e2)Wq(g))
> (m1 +m2 + 1) + (m1 +m2 + 1)q
n
2 (W (e1)W (e2)Wq(g)− 1),
then Nf (e1, e2, g) > 0. ✷
Corollary 3.3 If q
n
2 ≥ (m1 + m2 + 1)W (qn − 1)2Wq(xn − 1) then for each f ∈
Υqn(m1, m2) there exists α ∈ Fqn, primitive and normal over Fq, such that f(α) ∈
Fqn is also a primitive element.
The next two results, and their proofs, are similar, respectively, to [2, Lemma
3.4] and [2, Lemma 3.5], so we don’t present the proofs.
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Lemma 3.4 Let ℓ be a divisor of qn − 1 and let {p1, ..., pr} be the set of all primes
which divide qn − 1, but do not divide ℓ. Also let g ∈ Fq[x] be a divisor of xn − 1
and {P1, ..., Ps} ⊂ Fq[x] be the set of all monic irreducible polynomials which divides
xn − 1, but do not divide g. Then
Nf(q
n − 1, qn − 1, xn − 1) ≥
r∑
i=1
Nf(piℓ, ℓ, g) +
r∑
i=1
Nf(ℓ, piℓ, g)
+
s∑
i=1
Nf (ℓ, ℓ, Pig)− (2r + s− 1)Nf (ℓ, ℓ, g).
Lemma 3.5 Let ℓ be a divisor of qn − 1 and let {p1, ..., pr} be the set of all primes
which divide qn − 1, but do not divide ℓ. Also let g ∈ Fq[x] be a divisor of xn − 1
and {P1, ..., Ps} ⊂ Fq[x] be the set of all monic irreducible polynomials which divide
xn − 1, but do not divide g. Suppose that
δ = 1− 2
r∑
i=1
1
pi
−
s∑
i=1
1
qdegPi
> 0
and let ∆ = 2r+s−1
δ
+ 2. If q
n
2 ≥ (m1 + m2 + 1)W (ℓ)2Wq(g)∆, then for each
f ∈ Υqn(m1, m2) there exists α ∈ Fqn, primitive and normal over Fq, such that
f(α) ∈ Fqn is also a primitive element.
For positive integers m1 and m2 let Bp(m1, m2) be the set of pairs (q, n) ∈ N2,
with q a power of p, such that for each f ∈ Υqn(m1, m2) there exists a primitive
element α ∈ Fqn, normal over Fq, with f(α) primitive in Fqn. Let
B(m1, m2) =
⋃
p is prime
Bp(m1, m2).
We finish this section by proving that there exists only a finite number of pairs
(q, n) ∈ N2 such that q is a prime power and (q, n) /∈ B(m1, m2). For this, we will
need the following result, which is modeled after [3, Lemma 3.3] and [10, Lemma
4.1] and, like these results, is proved using the multiplicativity of the function W (·)
and the fact that if a positive integer has s distinct prime divisors then W (M) = 2s.
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Lemma 3.6 Let M be a positive integer and t be a positive real number. Then
W (M) ≤ At ·M 1t , where
At =
∏
℘<2t
℘ is prime
℘|M
2
t
√
℘
.
We come to the last result in this section.
Proposition 3.7 There exists only a finite number of pairs (q, n) ∈ N2 such that q
is a prime power and (q, n) /∈ B(m1, m2).
Proof: Clearly every α ∈ F∗q is normal over Fq and it is well known that if
α ∈ Fq2 is primitive, then α is also normal over Fq. Thus, for n = 1 or n = 2 we
get that (q, n) ∈ B(m1, m2) if and only if for every f ∈ Υqn(m1, m2) there exists
a primitive element α ∈ Fqn such that f(α) is also primitive. This problem was
solved in [5] and from [5, Thm. 3.1] we know that a sufficient condition for the
existence of such an element is that qn/2 ≥ (m1+m2)W (qn− 1)2. Using Lemma 3.6
and choosing a real number t > 4 one may check that if q ≥ ((m1 +m2)At)
2t
(t−4)n
then (q, n) ∈ B(m1, m2). In particular there exists only a finite number of pairs
(q, n) /∈ B(m1, m2) when n = 1 or n = 2.
We assume now that n ≥ 3, clearly Wq(xn − 1) ≤ 2n and from Lemma 3.6 we
have W (qn − 1) ≤ At · q nt for any real number t > 0, so from Theorem 3.2, we get
that if q
n
2 ≥ (m1+m2+1) ·A2t · q
2n
t · 2n then (q, n) ∈ B(m1, m2). In particular, if we
choose a real number t > 4, a condition to have (q, n) ∈ B(m1, m2) for some n ≥ 3
is
q ≥ (2n · (m1 +m2 + 1) ·A2t ) 2t(t−4)n . (3)
In particular this means that for a given natural number n there exists a finite
number of prime powers such that (q, n) /∈ B(m1, m2).
Inequality q
n
2 ≥ (m1 +m2 + 1) · A2t · q
2n
t · 2n is also equivalent to
n ≥ ln ((m1 +m2 + 1) · A
2
t )
( t−4
2t
) · ln q − ln 2 . (4)
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The function on the right hand side is a decreasing function of q > 2
2t
t−4 . If we
choose t ≥ 29 then the right hand side of (4) is a decreasing function of q ≥ 5.
So, if N is a natural number such that (4) is true for q = 5, for some t ≥ 29, then
(q, n) ∈ B(m1, m2) for all prime powers q ≥ 5 and all natural numbers n ≥ N .
From [11, Lemma 2.11] we have for n ≥ 16
Wq(x
n − 1) ≤


2
n+5
4 if q = 2;
2
n+4
3 if q = 3;
2
n
3
+2 if q = 4,
and for these values of q we may change inequality (4) for
n ≥


4t
t−8
(
ln((m1+m2+1)·A2t )
ln 2
+ 5
4
)
if q = 2, for some t > 8;
ln((m1+m2+1)·A2t )+
4
3
ln 2
( t−42t ) ln 3−
1
3
ln 2
if q = 3, for some t ≥ 7;
3t
2t−12
(
ln(4·(m1+m2+1)·A2t )
ln 2
+ 5
4
)
if q = 4, for some t > 6.
(5)
Joining (4) and (5) we get that there exists a positive integer M such that if n ≥M
then (q, n) ∈ B(m1, m2) for every prime power q. Finally, the result follows from the
fact that there exists a finite number of natural numbers n < M and for those natural
numbers there exists a finite number of prime powers such that (q, n) /∈ B(m1, m2).
✷
4 Numerical examples
Let (m1, m2) = (3, 2) and p = 5, in this section we determine pairs (q, n) with n ≥ 3
such that (q, n) ∈ Bp(m1, m2).
Proposition 4.1 For q = 5 and n ≥ 3, we have (5, n) ∈ B5(3, 2) for all n ≥ 13 and
for n ∈ {7, 9, 10, 11}.
Proof: From [11, Lemma 2.11] we have W5(x
n − 1) ≤ 2n3+6 and from Lemma 3.6
we have W (5n − 1) ≤ At · 5nt , with t > 0 a real number. From Theorem 3.2 we get
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that if 5n/2 ≥ 6W (5n− 1)2W5(xn− 1) then (5, n) ∈ B5(3, 2). Hence (5, n) ∈ B5(3, 2)
if n satisfies
5n/2 ≥ 6 · A2t · 5
2n
t · 2n3+6 (6)
for some real number t > 0. For t = 7.8 we get At = 1380.449 and (6) is sat-
isfied for n ≥ 127. Using SageMath ([12]) we test condition 5n/2 ≥ 6W (5n −
1)2W5(x
n − 1) for n < 127 and we get that it holds for all n ≥ 25 and for
n ∈ {11, 13, 15, 17, 19, 20, 21, 22, 23}. Now we use Lemma 3.5 to verify that for
n ∈ {7, 9, 10, 14, 16, 18, 24} we also have (5, n) ∈ B5(3, 2) and we present in Ta-
ble 1 the values of ℓ and g, and the respective value of n for which the condition
q
n
2 ≥ 6W (ℓ)2Wq(g)∆ holds.
n ℓ g {p1, p2, . . . , pr} [degP1, . . . , degPs]
7 2 x− 1 {19531} [6]
9 2 x− 1 {19, 31, 829} [2, 6]
10 6 x− 1 {11, 71, 521} [1]
14 6 x2 − 1 {29, 449, 19531} [6, 6]
16 6 x4 − 1 {13, 17, 313, 11489} [2, 2, 4, 4]
18 6 x2 − 1 {7, 19, 31, 829, 5167} [2, 2, 6, 6]
24 6 x4 − 1 {7, 13, 31, 313, 601, 390001} [2, 2, 2, 2, 2, 2, 2, 2, 2, 2]
Table 1: Values of ℓ an g for q = 5
✷
Proposition 4.2 For q = 52 and n ≥ 3, we have (q, n) ∈ B5(3, 2) for all n ≥ 5.
Proof: Let s be the number of monic irreducible factors of xn − 1 ∈ Fq[x], then
Wq(x
n − 1) = 2s and from [11, Inequality (2.10)] we have
s ≤ 1
2
(n+ gcd(n, q − 1)) .
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If n ≥ 25 we may assume Wq(xn − 1) ≤ 2 3n4 , since in this case gcd(n, q − 1) ≤ n/2,
and using Lemma 3.6 we get that if
q
n
2 ≥ 6 ·A2t · q
2n
t · 2 3n4 (7)
for some real number t then (q, n) ∈ B5(3, 2). For t = 8 we have At = 2760.34
and (7) is satisfied for n ≥ 62. Using SageMath we test condition qn/2 ≥ 6W (qn −
1)2Wq(x
n − 1) for n < 62 and we get that the inequality holds for all n ≥ 13 and
for n ∈ {7, 10, 11}.
We use now Lemma 3.5, with the values of ℓ and g which appear in Table 2, to
verify that for n ∈ {5, 6, 8, 9, 12} we have (q, n) ∈ B5(3, 2).
n ℓ g {p1, p2, . . . , pr} [degP1, . . . , degPs]
5 6 1 {11, 71, 521} [1]
6 6 x− 1 {7, 13, 31, 601} [1, 1, 1, 1, 1]
8 6 x− 1 {13, 17, 313, 11489} [1, 1, 1, 1, 1, 1, 1]
9 6 x− 1 {7, 19, 31, 829, 5167} [1, 1, 3, 3]
12 6 x4 − 1 {7, 13, 31, 313, 601, 390001} [1, 1, 1, 1, 1, 1, 1, 1]
Table 2: Values of ℓ an g for q = 52
✷
Lemma 4.3 Let q = 5k be a prime power of 5. If k ≥ 13 and n ≥ 3 then (q, n) ∈
B5(3, 2).
Proof: We know that Wq(x
n − 1) ≤ 2n, so if we prove that
q
n
2 ≥ 6 · (At · q nt )2 · 2n
holds for some real number t > 0, then (q, n) ∈ B5(3, 2). Observe that the above
inequality is equivalent to q ≥
(
2 · n
√
6 · A2t
) 2t
t−4
. For t = 6 we get At = 12.76 and
q ≥ 513 for n ≥ 3. ✷
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Proposition 4.4 Let q = 5k be a prime power of 5 where 3 ≤ k ≤ 12 and let n ≥ 3.
Then (q, n) ∈ B5(3, 2).
Proof: As always we want to verify
qn/2 ≥ 6W (qn − 1)2Wq(xn − 1)
where q = 5k for 3 ≤ k ≤ 12. Using inequalitiesW (qn−1) ≤ At·q nt andWq(xn−1) ≤
2n we may verify
q
n
2 ≥ 6 · A2t · q
2n
t · 2n ⇐⇒ n ≥ ln(6 · A
2
t )(
t−4
2t
)
ln q − ln 2 .
Using the above inequality and assigning values to q and t we find ranges of values
of n for which (q, n) ∈ B5(3, 2).
t q n t q n t q n
7.5 53 n ≥ 34 6 57 n ≥ 7 6 510 n ≥ 5
7 54 n ≥ 18 6 58 n ≥ 6 6 511 n ≥ 4
7 55 n ≥ 12 6 59 n ≥ 5 6 512 n ≥ 4
7 56 n ≥ 9
Table 3: Values of q, n and a real number t for which (q, n) ∈ B5(3, 2)
Next, using SageMath, we verify qn/2 ≥ 6W (qn − 1)2Wq(xn − 1) for pairs (q, n)
which are not in Table 3, taking 3 ≤ k ≤ 12 and n ≥ 3. We get (q, n) ∈ B5(3, 2)
except for the pairs (53, 3), (53, 4), (54, 3) and (54, 4). These pairs also belong to
B5(3, 2), as we may see by applying Lemma 3.5. The details are as follows. For
q = 53 and n = 3 we take ℓ = 2, g = 1, where qn − 1 = 22 · 19 · 31 · 829 and
xn−1 = (x−1)·(x2+x+1). For q = 53 and n = 4 we take ℓ = 2·3 and g = 1, and use
that qn−1 = 24·32·7·13·31·601 and xn−1 = (x−1)·(x+1)·(x−2)·(x+2). For q = 54
and n = 3 we take ℓ = 2 ·3 and g = 1, and we use that qn−1 = 24 ·32 ·7 ·13 ·31 ·601
and xn−1 has 3 linear factors. For q = 54 and n = 4 we take ℓ = 2 ·3 and g = 1 and
use that qn−1 = 26 ·3 ·13 ·17 ·313 ·11489 and xn−1 = (x−1) ·(x+1) ·(x−2) ·(x+2).
✷
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The following theorem summarizes the above results.
Theorem 4.5 Let q = 5k be a prime power of 5 and let n ≥ 3. We have (q, n) ∈
B5(3, 2) for all k ≥ 3. If k = 2 then (q, n) ∈ B5(3, 2) for n ≥ 5 and if k = 1 then
(q, n) ∈ B5(3, 2) for all n ≥ 13 and for n ∈ {7, 9, 10, 11}.
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